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The quantum correlations between a qubit and its environment are described quantitatively in terms of in- 
teratomic distance. Specifically, considering a realistic system of two two-level atoms and taking into account 
the dipole-dipole interaction and collective damping, the quantum entanglement and quantum discord are in- 
vestigated, during the dissipative process, as a function of the interatomic distance. For atoms that are initially 
maximally entangled, it turns out that there is a critical distance where each atom is maximally quantum corre- 
lated with its environment. Counterintuitively, the approach of the two atoms can maximize the entanglement 
between each one and the environment and, even at the same distance, minimize the loss of entanglement be- 
tween the pair. 



PACS numbers: 03.67.-a, 03.65.Yz, 03.65.Ud 

INTRODUCTION 

It is well known that, besides entanglement, other quantum 
correlations are crucial elements of quantum information the- 
ory. In this plethora of new quantum correlation measures, 
quantum discord (QD) has emerged as the most frequently 
used. The QD obeys a monogamic relation with the entangle- 
ment of formation (EOF) and, for a tripartite pure state, QD 
and EOF obey a conservative relation |Q]|2). Furthermore, QD 
is connected with the entanglement irreversibility [3], with en- 
tanglement in a measurement [4|, and with the entanglement 
distribution [5|. The dynamics of quantum entanglement and 
discord in open quantum systems have been widely investi- 
gated in the literature ||6] Q, but few of these studies focus 
on the way that the system gets entangled with the environ- 
ment [7, 8|. Despite the fact that quantum correlation (the 
EOF or the QD) does not obey a monogamous equation (9), 
certainly the way in which each part of a bipartite system be- 
comes quantum correlated with the environment governs the 
way the entanglement and discord vanish from this system. 

This leaves the question, how does a quantum system get 
quantum correlated with its environment? Here, we study this 
problem in a realistic situation, taking two two-level atoms 
as the qubits. We take into account the dipole-dipole interac- 
tion, the collective damping and, more importantly, the inter- 
atomic distance between them. We investigate how the inter- 
atomic distance influences the way that one of these atoms 
becomes quantum correlated with the environment and, as 
we will show, this separation emerges as a crucial variable. 
We demonstrate that there is an intermediate critical distance, 
^critical, that maximizes the entanglement between the envi- 
ronment and each atom. More importantly, we show that the 
distance at which each atom gets most entangled with the en- 
vironment can be exactly the distance where the loss of en- 



tanglement between the pair of atoms is at a minimum. This 
counterintuitive example reveals an important new facet in the 
construction of a scalable quantum computer, namely that the 
approach of the qubits can maximize the quantum correlation 
(EOF and QD) with an environment and, even so, minimize 
the loss of quantum correlation between the pair of atoms. 

This article is organized as follows. In Sec. II, we introduce 
some measures of nonclassicality and, in particular, nonclas- 
sical correlations: quantum mutual information, entanglement 
and quantum discord. In Sec. Ill, we present the model for 
our system and describe the dependence of the dynamics on 
the interatomic distance. In Sec. IV, we study the correla- 
tions between one atom and the environment in terms of the 
interatomic distance using, the monogamic relation between 
discord and entanglement in a tripartite system. We conclude 
our work in Sec. V. 



QUANTUM CORRELATIONS 

In this article we use two kinds of quantum correlation to 
analyze our results: EOF and QD. The EOF is broadly ac- 
cepted to be necessary for a set of important tasks in quan- 
tum information theory, such as quantum teleportation iflOl . 
quantum key distribution 1 1 1 ] and many others. On the other 
hand, QD emerges as a fundamental quantity of quantum in- 
formation and includes other kinds of quantum correlations 
than entanglement lfT2l - [T6l . 

The EOF is a measure of entanglement, developed about 
fifteen years ago, with a clear operational interpretation ifTTl . 
For two qubits, an analytical solution was developed by Woot- 
ters in terms of concurrence ifTHl . In this case, it can be calcu- 



2 



lated as 



E(p) = H 



where H is the binary entropy function defined as 

H(x) = -x\og 2 x- (1 - x)log 2 (l - x), 
and the concurrence is given by 

C(p) = max{0, \/Xi - - V^3 - VA4}, 



(1) 



(2) 



(3) 



where are the eigenvalues, listed in decreasing order, of pp. 
p is the time-reversed density operator, 



p = {(T y ® <y y )p*(a y 



(4) 



where p* is the conjugate of p in the standard basis of two 
qubits and a y is the Pauli y operator. 

The QD, on the other hand, was originally defined as the 
mutual information minus the classical correlation 1 19], where 
the latter is given by the well-known Henderson and Vedral 
definition 1201. Hence, 



S AB = x (pab) ~ maxI(p A |{n fc }) (5) 
{ n fc} 

where X(pab) is the quantum mutual information, which 
comprehends the total amount of correlation, both classi- 
cal and quantum, in a given bipartite quantum state and 
max{n fc } 2^(pA|{nfc}) is the maximal classical mutual infor- 
mation when, in this case, a measurement is performed on 
subsystem B [19, 20|. The maximization is carried out over 
all possible positive operator valued measures and, in general, 
it is very hard to carry out, except in some particular cases. If 
PA (pb) is the reduced density operator of part A (B), then 
the quantum mutual information is defined as 



X{p 



AB 



S(p A ) + S(p B ) - S(pab) 



(6) 



where S(-) is the von Neumann entropy. The measurement- 
based mutual information is often called classical correlation 
and is given by: 



C 



AB 



ma,xl(p A \{Il k }) 
{nfc} 



= S( PA ) - min J2PkS(p A \{H k }), (7) 
{n " } k 

where, pAlln^} = Tr B (n fc/ 9.4sn fe )/Tr j4B (n fe pABn fe ) is 
the reduced state of A after obtaining the outcome fc in B 
and Hk is a complete set of positive operator valued mea- 
sures that result in the outcome k with probability p k — 
TiAB(^kPAB^ik)- Finally, the QD is thus defined in terms 
of the mismatch 



s ab =I(pab) - Cab- 



(8) 



This definition is in general asymmetric with respect to the 
interchange of the subsystems and it is always a non-negative 



quantity. Actually, a quantum state has zero discord if and 
only if there exist a complete orthonormal basis \l) for subsys- 
tem A and some density operator ps for subsystem B, such 
that p = ^2nPi\l){l\ ® Pb, where \l) is an orthonormal set, pi 
is a probability distribution and ps are quantum states. 



THE MODEL 

Here we consider a realistic situation, where two identical 
two-level atoms are coupled to a quantized electromagnetic 
field lETI l22l . The two atoms are close enough for the tran- 
sition dipole moment and collective damping to need to be 
considered. Furthermore, and more importantly, we analyze 
the influence of the separation between the qubits, that here is 
given by the interatomic distance. In the interaction picture, 
the Hamiltonian can be written as: 
2 



H = 



r +„-«(wfe-Wi)i 



;££[< 



i=l T. 



-i(u) k +UJi)t 



ks 



+ H.c, 



(9) 



where i counts the two atoms and ks the field mode. Here, g?; 
is the transition dipole moment, u)i is the transition frequency, 
a~l (<7~) is the raising (lowering) operator and a^ s is the anni- 
hilation operator of the field mode ks . With this field mode, 
we associate a vector fc, a frequency ujk, and an index of po- 
larization s. The coupling constant is given by 



3fe s expifc 



(10) 



2e HV 

where V is the quantization volume, e is the vacuum permit- 
tivity, and e£ s is the electric field polarization vector. Finally, 
r*i is the position of the i-th atom. Here, we suppose that the 
environment begins in the vacuum state and we assume that 
the rotating-wave approximation is valid. In this case, con- 
sidering a Markovian approximation, the dynamics of the two 
atoms can be written as 



dp 

dt 



= - UJQ 



i = l 
2 



- \ 7« i a t a j P- 2cT j potpot ] ) (11) 

where erf is the Pauli z operator of the ith atom, 7^ = 7 is the 
spontaneous decay rate, and 7^, fiy describe the collective 
damping and dipole-dipole interaction. Explicitly, we have, 



1 



(d.fij) 



1-3 [d. 



sin [k rij] 
konj 

COS [fcoTj 



-(k r 



sin [fepT-jj] 



(12) 
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and 



COS [fcpT-ij] 

k Q rij 

sin [fcprjj] 



cos [fcprij] 
(fcory) 3 



(13) 



where ko = k>o/c, = — Tj-| is the distance between 
the two atoms, d is the unit vector along the atomic transition 
dipole moment and fij is the unit vector along the interatomic 



axis. Note that in Eq. (Ill the electromagnetic field has been 
formally eliminated, to be replaced by an effective atom-atom 
interaction. Furthermore, it is important to emphasize that the 
master equation takes into account for the spontaneous emis- 
sion process. 

To illustrate the dependence of the dynamic on the atomic 
distance we focus on two important classes of pure states 
given by 



and 



a|01) + — or 2 |10), 



0|oo) + Vi-^lii) 



(14) 



(15) 



where and 1 represent the atom two-level system. These 
initial conditions are of fundamental importance in quantum 
information theory since they include the four Bell states that 
can be used on their own for universal quantum computation 
and are associated with an unit of entanglement called e-bit. 
It should be understood that, despite this limitation of the ini- 
tial state, our analysis is general and the dynamics could be 
calculated for any initial state. 



QUANTUM CORRELATIONS BETWEEN ONE ATOM AND 
THE ENVIRONMENT 



It is important to note that to calculate how one of the atoms 
quantum correlates with the environment is a simple but not 
direct task. To elucidate this aspect we begin by supposing 
just one two-level atom is interacting with an environment. If 
the whole system (atom plus environment) begins as a pure 
state, the manner in which this atom gets entangled with the 
environment can be calculated in a simple manner: the whole 
system is pure and the von Neumann entropy of the atom is 
the entanglement of formation. Now, extending the analysis 
to our situation, where two initially pure atoms interact with 
an environment, how could we calculate the entanglement be- 
tween one of the atoms and its environment? In this case, 
since the bipartite system composed of one atom plus its envi- 
ronment is a mixed state, the von Neumann entropy is not the 
right answer. For this purpose we use the monogamic relation 
between the EOF and the QD EJ. 



We suppose the initial state of the environment as the vac- 
uum state since the whole system (two atoms plus environ- 
ment) is pure. In this case, the monogamic relation gives: 



and 



EaE — &AB + £>A\1 



$AE — EAB + Sa\B- 



(16) 



(17) 



Thus, as we observe, the entanglement of formation and the 
quantum discord between the atoms can be used to calculate 
the quantum correlations between the environment and one of 
the atoms. Curiously, for this task we do not need any in- 
formation about the state of the environment since it is com- 
pletely traced out to calculate the dynamics. Actually, for a 
tripartite pure state it is always possible to infer the EOF and 
the QD if just one of the possible bipartitions is known. More- 
over, the quantum discord between A and E can be calculated 
analytically without any approximation |23|. 

To explore the influence of interatomic distance on the be- 
havior of the quantum correlations, we plot, for various values 
of scaled time -ft, the correlations between different biparti- 
tions as a function of distance k^r. We emphasize that the 
choice of the range of values for the plot axes is made only for 
clarity and that other values of the parameters a and /3 in the 
initial states do not alter the critical distance at which one of 
the atoms is maximally quantum correlated with the environ- 
ment. 



Environment 




FIG. 1: (Color Online) An illustrative scheme to elucidate the critical 
distance where each atom is maximally quantum correlated with the 
environment. 

In Figs. 2 and 3, we show the variation of correlations Eae, 
5^ E , Eab, and S^b w i tn interatomic distance for various val- 
ues of the scaled time, and for the initial Bell states ( fl4"l ) and 
( fl"5j ), respectively. The dashed-dotted line is for -ft = 1, the 
dashed line is -ft — 1.5, and the solid line is for -ft = 2. 

From Fig. (2), we note that for each partition, AE and AB, 
the correlations EOF and QD behave similarly with respect 
to distance k$r. Interestingly, we find that for each instant, 
there is one maximum of the correlations Eae an d $ae at 
a specific value of the interatomic distance, r critical' Hence, 
in a short time, one especial distance maximizes the EOF 
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FIG. 2: (Color Online) (a) Eae, (b) 5%, (c) Eab, and (d) Sab as a 
function of the interatomic distance for various values of the scaled 
time. The dashed-dotted (red) line is for yt = 1, the dashed (black) 
line is for yt = 1.5 and the solid (blue) line is for yt = 2. The 
two-qubit initial state is given by Eq. (14} with a 2 = 1 /2. 
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FIG. 3: (Color Online) (a) Eae, (b) 5^, (c) £ A s, and (d) Sab as a 
function of the interatomic distance for various values of the scaled 
time. The dashed-dotted (red) line is for yt = 1, the dashed (black) 
line is for yt = 1.5 and the solid (blue) line is for yt = 2. The 
two-qubit initial state is given byEq. (B) with /3 2 = 1/2. 



and QD between each qubit and the environment. Further- 
more, for the initial condition given by Eq. (14}, the criti- 
cal distance that maximizes the quantum correlation with the 
environment is exactly the one that least disturbs the quan- 
tum correlations between the atoms. This is a very counter- 
intuitive feature since, in this case, diminishing the quantum 
correlations between each atom and the environment is not a 



good strategy to preserve the quantum correlations between 
the atoms. This means that the maximal correlations between 
one atom and the environment are very sensitive to the dis- 
tance r and that the decay rate of correlations between one 
subsystem and its environment may be controlled through the 
separation between the subsystems. As we see in Fig. 2(c), 
for a fixed time {yt = 1), the entanglement between the atoms 
can vary by about 0.2 as the interatomic distance rises from 
r 'critical- For a separation of about k r = 0.7, the environ- 
ment reduces the initial entanglement to approximately 0.4, 
while at kor = 1, the entanglement goes down to less than 
0.2. Furthermore, the relation between the distance and the 
loss of entanglement is not monotonic, since at a distance of 
about kor — 1.8 the environment reduces the initial entangle- 
ment to about 0.3. These results make the distance between 
the qubits a relevant parameter to taken into account in the 
construction of a working quantum computer. 

On the other hand, it is important to note that the behavior 
of the correlations, Eab and 8^ B , present a different response 
for a different initial state. For example, from Figs. 3(c) and 
3(d), we find that the increase of EOF and QD with the en- 
vironment is accompanied by a decrease of the correlations 
between the subsystems. However, it is important to empha- 
size that even in this case a critical distance exists, where each 
atom entangles fast with the environment. 



CONCLUSION 

To summarize, we have studied the distribution of the quan- 
tum correlations, given by the EOF and the QD, between the 
qubits and the environment. We focused on the way that the 
distance between two qubits, given by two atoms, can af- 
fect the manner in which each one becomes quantum corre- 
lated with the surroundings. In our analysis a critical distance 
emerged, where the quantum correlation of each atom with the 
environment is at a maximum. Counterintuitively, we showed 
that this critical distance can be the one that minimizes the 
loss of quantum correlations between the pair of atoms. In- 
deed, the gap between the qubits emerged as a fundamental 
element in the construction of a scalable quantum computer, 
and the size of this gap was shown to be an important variable 
to take into account. The present results also suggest that in 
a future analysis, initially mixed states should be considered 
since the influence of finite-temperature environments on the 
critical distance could then be contemplated. 
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